Code — breakers, doughnuts and violins
Maths at the BA Festival of Science, 4-11 Sept 2004

he British Association for the Advancement of Science (BA)

is a0 nation-wide organisation dedicated 1o connecting

seience with people and promoting apenness aboul science
in sociely, It organises Science Weelk (1 1-20 March 2005) and an
annual Festival ol Science, which was hosted this vear by the Lhni-
versity ol Exeter,

ersity of Exeter Campus

Mathematics was well represented at last vear's Festival, with o
morning of Tscinating and engaging lectures on the Clay Insti-
tite Millenninm Problems, an exhibition of mathematical ar, a
tour through the gquiet streets o Exeter for a walking presenti-
ticn o Lhe Lile and work of Willim Chiford, and the laonch of
the Mational Cypher Challenge,

Million Dollar Maths

At the beginnimg of this mullenniom the Clay Mathematics Insti-
tute of Cambridge, Massachusetis, named seven Prize Problems,
These were selected by oo panel o span the maost important
unsolved problems inomathematics, and Lo generate interest and
publicity Tor modern maths, As an incentive, cach was allocated o
prize Tund o 51 million (L3563 001 on acceplance ol o proven
solution,

The format of the Clay Prives micrors that ol a similar chal-
lenge, wssued o hondred vears earlier in a famaous specch by David
Filbert: I Avgust 190, Hilbert addressed the International
Congress of Mathematicians in Parvis and outhined 23 major
problems he envisioned would direct research over the coming
century. Although one of these problems was salved in only two
years, the magority are sill wathstanding the attacks of the
world's mathematicians, One o particular, Hilberts eighth
problem, s still very much open and has been reformulated and
presented as a Clay Millenniom Problem.  The “Riemann
hypothesis™ was explained at the BA Festval by Marcus du
Sautoy, who also described how the world of mathematics is cur-
rently abuze with excitement over claims Drom a Frenchman that
he has Hoally proved i1,

The seven Clay Prize Problems are:

o Py NP

o Ricmann Hypothesis

o Poincard Conjecture

« Hirch and Swinnerton-Dyver Conjecture
o Hodge Conjecture

s Mavier-Stokes Bquations

o Yung-Mills Theory

more details of which can be found on the Clay Mathematics
[nstitute website  hupdfwww.elaymath.orgfmillenniumd, The
first three problems on this list were spoken aboot at the BA
Festival,

P vs. NP

Simon singh s a well-known science hroadeaster and the author
ol books including Fermeat s Loass Theoresm and e Code Book,
He began the morning of lectures by explaining the Clay Prize
coneerned with the dilference between Poiype and NP-type
problems,

Some tusks are casy o accomplish. For example, imagine a line
ol cards with random numbers written on them that you must
rearrange into ascending order. Cne method would be 1o loak al
ciach pair of neighbouring cards in turn, compare the two values,
and swap their positions iF the lower number was on the right.
Repeat these three steps until no more swaps need o be per-
lormed on the entire line, and they will now be inascending order
This simple step-by-step procedure (like a computer progriom)
lor solving a problem is known as an afgorithee The algorithm
here works relatively quickly — the length of time it takes to solve
the problem (e, the total number of sleps) increases only as
poswer of the size of the input (e, the number of cards). The alpo-
rithm run-time inereases in polynomial time, and so the problem
is called "Petvpe’.

Other tasks are much harder, The Traveling Salesman Problem
involves finding the shortest path that passes through every one



of a collection of points, like a salesman visiting a series ol cities,
Finding an optimum solution to this problem seems to be
extracrdinarily hard — the time taken by even the hest algo-
rithms increases much quicker than a power ol the number of
cities. In other words, as the problem gets bigger it soon becomos
impassible 1o solve in a reasonable length of time. Such hard

roblems are said to be ‘non P-tvpe’. Finding the prime factors ol
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an integer is also believed to be non-P. as is deciding whether any
siven position in the computer game Minesweeper is legal. None
of these have been proved o be non-P. however, because that

would involve showing that no pessible algorithm is capable of

salving it in polynomial time. What has been achieved is Lo show
that one class of problems, including the three just given. can be
reformulated in each other's terms: Le. iff one can be solved in
polynomial time then they all can, These problems are said to
have ‘nondeterministic polynomial” running time — they are
NP-type. One special properly of NP-type problems is that
although they are very hard o solve, the solution is simple to
check. For example, it would tuke a while to find the two prime
lactoers of 5,286,877, bul a moment to check that 43% and 12,043
is in fact the right answer. An NP-complete problem is one
whereby a shorteut polynomial time solution found to it implies
that all other NP problems also have shorteut solutions.

The Clay Prire is cssentially asking for a proof that NP-fype
prablems are in fact distinet from P-type ones: that no shortcut
polvnomial time algorithm exists to solve any one of them. Tf
such a shorteutl algorithm is found for a single NP-complele
problem then all of the NP-lypes are in fact P-type. Mathemati-
vians expect all NP-complete problems to be non-P. but no one
has heen able to prove it yet.

The Riemann Hypothesis

Professor Marcus du Sautoy is a prolessor of mathematics at the
University of Oxford. This lecture given by him wus named after
his book “Music of the Primes”, and was esseatially a live demon-
stration of the text. The contents of this talk can be found in the
Decernher 2004 issue of Mathematics Today page 158,

More information about the music of the primes in an article
Prof du Santoy wrote for +Plus is available from  hitpd
plus.maths.orgfissue?f/features/sautoy) . or on the website [or his
book hitpdfwwwmusicoltheprimes.com/ .

Marcus du Sautoy

The Poincare Conjecture
This third and final lecture on the Millennium Prize Problems
was given by Keith Devlin, a consulting professor in the Stanford
Muthematics Department, and lormer calumnist in The Guard-
ian newspaper. He presented the official Clay Mathematics
Institute video an the prohlems, and has written the book, "The
Millennium Problems: The Seven Greatest Unsolved Maths
Puzzles of Our Time",
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Keith Deviin

Henri Poincaré formulated his now famous conjeclure on
topology exactly 100 vears ago. Topology (deriving from the
Gireel [or the study of position) is the mathematical discipline
concerned with surlaces or manifolds in higher dimensions, One
example ol a two-dimensional munifeld is the 2-sphere. like the
surface of a footbuall. Here the surface itself is two-dimensional,
but it is curved in the third dimension into a spherical object, The
topology of surfaces is also called ‘rubber sheel geometry”
hecause il studies what things are preserved during deformations,
For example, the Londen Undergronund map is a distorted repre-
sentation of the true geoeraphical arrangement of stations, as il
a map had heen drawn on a sheet of rubber belore it was
srretehed ubout, Only topologicul properties, such as the arder of
stations on the Balkerloo line, and which lines you can change 1o
at Oxford Circus, are preserved, The geomelric properties, such
as true distance between stalions, or the angles between lines, are
ot important.

The topology of two-dimensional planes curved into a closed
surface (like a footballyis more complicated. The classilication of
D manilolds was well estublished belore Poincaré, Tt had been
shown that if vou lake the sphere as hasic, any other closed
smooth surface can be obtained [tom it by manipulation. For
example, tearing a hole in the middle of the sphere and rejoining
the edges ereates a “genus- | torus’, which will be more familiar 1o
vou as a doughnut. 10" another hele is torn into this surface it
creates # “penus-2 torns’, and so on. Under the rules of rubber
sheel geometry any amount ol stretching, twisting and moulding
can be performed on the surface without fundamentally altering
it, 8o in uctual fact, a dounghnul and a coffee cup are the same
surface — they both have only ane hole. Although Lo be rigoerous,
the hole is not actually in the torus. The Lerus is the surface and
the hole is in the spuce around the surface. An anl walking
around the surlace of a doughnut would never be aware of any
edge or hole,

So, il had already been proved [or two dimensions that any
manifold can be created by distorting a sphere, or the series of



Simon Singh (left] and lﬁraham Nibla, University of Southampton

genus-i Lor which are themselves generated Itom the basis. Bul
what about three dimensional manifolds? This case is particu-
larly important because the volume of our universe 15 belicved Lo
be a threc-dimensional surlace that is curved in a lourth
dimensian.

Pomncuré had assumed thal he could vse a method similar 1o
that for 2D manifolds, He ook the 3-sphere as basic and tried to
show thut any other smooth, closed 3-manilold could be
obtained by manipulation, But he soon realised that even charac-
Lerising what g 3-sphere 1% 15 nol trivial, and this 15 crucial as the
basis for understanding other 3-manifolds. A clesed loop can be
shrunk down Lo a point on 2-sphere, bul not on a ros, deman-
strating that they are fundamentally distinct manifolds, This s
like wrapping a rubber hand roond o tennis ball and slowly
redling it off. This cannot be done round a doughnur, however,
hecause the rubber band would reach the stage where (L 15 con-
siricled round the ring ol the doughoul and cannot shrink any
further. The Paincaré conjecture is that such an argument would
work to deline a 30 sphere (e as the only 3-manilold without
any hales), but he was never able to prove it to be true, The gener-
alised Poinearé conjeclure has since been shown for all dimen-
sions greater than 4, but the orizginal conjecture has so far
remained unproven. Until now that is.

A Russian mathemarician, Dr, Grigori Perelman, submitted an
abstract to un online journal in November 20020 In it he outhined
his work on *Riccl Dows” and the generalisation of 3-manifolds,
If it 1s found to be watertight, Perelman will have proved o deep
theorem known as Thurston's geomelrisalion conjecture.
Poincars’s conjecture is aspecial case of Thurston’s, and soif Tr,
Perelman has in fact proved this Poincard’s will be unmediately
estahlished as well, Bur Dr. Peralman has vet to submir a formal
presentation ol his prool, and appedrs 1o be unconcerned with
the million dollar prize. ln none of his papers or lectures has he
even mentioned the Poincare conjecture, and he reluses Lo Lalk Lo
Journalists about his work., The proof is likely to be nearly 100
pages long, and like Wiless prool of Fermats Last Theorem may

Lake weurs Lo be rigorously checked by the only 30 or so mathe-
maticians in the world qualified to do so. “Many experts think
that Grigon Perclman’s prool of the Poincaré Conjecture is
carrect but it is likely to take many more months belore the
experts are sure whether it is right or wrong ™. sayvs Devlin,

The National Cipher Challenge

After these three lectures Simon Singh launched the Mational
Cypher Challenge 2004, orgamised by the University of
Southampton. This is an internet-based competition Tor schooel
children, consisting ol u series of secret codes that must be
cracked in order to win prizes, Simon Singh wrote “The Code
Book’, a popular scicnee book oo the history of crvptography
and code-breaking, and sowaswell-suited to introduce this exeil-
ing competition, He even brought alenyg a penuine 1936 Enigma
machine, used by the German Army o encode communications
during the Second World War, and explained how 1L worked Lo
generate enerypled messages that the Aldlies found nigh-on
impossible 1o crack.

Further information available [rom: httpdfwww cipher.
maths.soton.ac, ukd

LEWIS DARTNELL

Website links
BAhtipfwwacthe-hu netfthe-ha!
Clayhulpefwoww claymath.org/millenninm/
www,simaonsingh.net
wwwemaths o acuki~dusautoy
www.stanford edu/~kdevlin

Lewis Dartnell read Biological Sciences at Queen’s College, Ouford,
He has just finished his first year of a fouryear combined MRes-PhD
program in Modelling Biologicel Complesity al University College
Landon's Centre for multidisciplinary science, CoMPLEX. In 2003 ha
came sacond in the THES/OUP science writing competition, and this
vaar was awarded second prize in the Daily Telegraph/BASF Young
Science Writer Awards, You can read more of Lewis” work at
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